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interval for random field data. Then it reviews the formulation of BCS and uses it to provide 85 average and confidence interval profiles, given only sparsely measured but spatially varying 86 geotechnical data. Note that the measurement data of soil properties obtained in geotechnical 87 engineering are usually sparse and limited, particularly for small or medium sized projects. 88
An important question when interpreting sparse data in geotechnical practice is: how does the 89 profile interpreted from sparse data compare with the measured profile, if it is possible to 90 measure the geotechnical data with a small interval and a high resolution? This paper shows 91 that the confidence interval (CI) profile quantified in BCS has a clear statistical meaning, 92 which may be used to address this question and to facilitate determination of characteristic 93 values in engineering practice. For illustration, the proposed BCS procedure is applied to a 94 real case of CPT data and the selection of the characteristic value of effective friction angle. 95
This paper addresses the characteristic value only from a purely statistical perspective, 96 although characteristic value may be related to the extent of failure zone governing the 97 behavior of the structure at the limit state. For example, some researchers have argued that 98 the characteristic value is related to the concept of a mobilized strength along the critical slip 99 surface Phoon 2013a, 2013b; Ching et al. 2014 Ching et al. , 2016a or a mobilized modulus 100 over a domain influenced by the structure at the limit state (Ching et al. 2016b ). As the limit 101 state of a geo-structure is problem dependent, and a realistic assessment of the characteristic 102 value in the context of spatial variability where non-classical failure mechanisms can emerge 103 is less straightforward, the extent of failure zone governing the behavior of the structure at the 104 limit state is not considered in this paper. The confidence interval (CI), which may be used to quantify uncertainty, is more informative 108 than simply reporting a point estimate (e.g. Phoon and Ching 2014) . CI is an interval 109 estimation of a parameter of interest which gives a confidence level that the true parameter 110 falls within the estimated CI. To evaluate the confidence interval, analytical equations can be 111 used when the distribution of the data is known. For example, for normally distributed data 112 with a known mean (µ) and standard deviation (σ), the CI for a confidence level α, denoted as 113 CI α , is expressed as: 114
116
where
and Φ -1 (·) is the inverse standard normal cumulative 117 distribution function. Note that the lower bound of Equation (1) or its variants (i.e. µ minus a 118 factored σ) has been proposed in literature, e.g. Schneider and Schneider (2013) and Orr 119 (2017) as characteristic value at a given depth or for a homogeneous soil layer in Eurocode 7. 120
For spatially varying data, such as random field samples (RFSs), the values vary along a 121 spatial dimension (e.g. depth), hence the mean and CI α also vary along this spatial dimension, 122 e.g. profiles varying with depth. For a given random field with known µ and σ, CI α profiles 123 (i.e. variations of CI α with depth) can be generated analytically by applying Equation (1) this section, the procedure to evaluate the CP α of a RFS that falls within a CI α profile is firstly 141 explained. Then the procedure is illustrated with simulated random field data. This section is 142 meant to explain the definition and evaluation of CP α , and it paves the way for the next 143 section where CP α will be evaluated for the CI α profiles obtained from the BCS method with 144 a limited number of measurement data as input. 145
Note that if the random field has no correlation (i.e. the data points over the depth are 146 independent), the probability distribution of CP α follows a binomial distribution because of 147 the indicator function in Equation (2) 
305
The BCS procedure has been implemented by a package of user functions in MATLAB 306 (Mathworks, 2016) . Only the sparse measurement data from site characterization are required 307 to obtain the mean and CI profiles of soil properties of interest. 308
In the following section, the BCS method is used to provide the best estimate of a 309 complete soil property profile from sparse measurement data and construct the associated CI 310 where ‫ݐ‬ (ଵି)/ଶ,ଶ is the Student t factor for a confidence level α and a degree of freedom 325
⁄ is a scaling factor; and ටdiag൫COV ൯ is a column vector composed of 326 the square root of the diagonal elements of COV . Note that CI α is composed of two column 327 vectors, which correspond to the upper and lower bounds of the two-tailed data distribution at 328 various depths (e.g. for α = 90%, the lower and upper bounds are the 5 th and 95 th percentiles, 329 respectively). 330
Consider, for example, using BCS to reconstruct the three RFSs shown in Figure 1  331 with only M=20 measurement data points from each RFS as input (i.e. the sparse 332 measurement data ). respectively). Therefore, the confidence level may be interpreted as the expected coverage 375 proportion of the original and complete profile that falls within the corresponding BCS CI 376 profiles, if the original and complete profile can be measured. Additionally, similar to the 377 random field data discussed in the section "Coverage proportion of confidence interval 378 profiles", the CP probability distribution is close to symmetric when α = 50% (see Figure 5a) . 379
As α increases and approaches unity, the distribution becomes less symmetric and presents a 380 Figure 5d to 5f for M=40 402 as 0.54, 0.8, and 0.93, respectively. In Figure 5g to 5i, the mean CP 50% , CP 80% and CP 95% 403 values for M=60 are shown to be 0.48, 0.77, and 0.92, respectively. For M=20 and M=40, the 404 mean CP 50% is slightly greater than 50% while the mean value for CP 95% is slightly less than 405 95%. Nonetheless, these mean CP α values are quite close to their respective α values. On 406 average a proportion α of all local variations of the original profile fall within the 407 corresponding CI α profiles, even when as few as M=20 points are used to reconstruct the 408 mean and CI α profiles, which is less than 4% of the total data. In Figure 5 , it can be seen that 409 the variability of the CP α values decreases as M value increases. In addition, as previously 410
shown for M=20 and for the full set of random field data, as α approaches unity the 411 distribution develops a negative skewness. However, as can be seen for CP 80% and CP 95% , as 412 M increases, the distribution approaches to a normal distribution. As seen for M=20 in Figure 6a , the mean CP α values at the α levels evaluated are close to the 416 1:1 line. In Figure 6 it is also evident that the variability of CP α values decreases as M 417 increases, e.g. see the size of the boxes in Figure 6 . Figure 7 shows the mean values of CP 50% , 418 CP 80% and CP 95% for all values of M tested. Even though the statistical uncertainty is reduced 419 with increasing M, the mean CP α is not greatly affected and fluctuates around the α value. 420
The relative difference between the average CP α and α is less than 15% in all the cases tested. ‫ݍ(‬ ) ranges between 3.3MPa and 7.3MPa, and the soil has a loose to medium-dense relative 473 density according to Meyerhof (1956) . The soil has an average of 33% fines content, 8% 474 clays and a median grain size (D50) of 0.14mm. Note that although CPT data is used here for 475 illustration and validation, the BCS method really aims at the typical situation of sparsely 476 measured data (e.g. SPT data or laboratory test data) in engineering practice. 477
The cone tip resistance is normalized by the square root of the vertical effective stress 478
, where ‫‬ is the atmospheric pressure. The 479 normalized tip resistance is shown in Figure 9a Note that Equation (9) was obtained by a semi-log regression on twenty data sets from 498 different sites, which cover site condition similar to that at Georgia Tech campus, Atlanta. A 499 total of 633 data points was used in the regression. Significant residual error over Equation 500
(9) was reported, and the corresponding standard deviation of the residual error is 2.8° 501 (Kulhawy and Mayne 1990 ). This residual error can be treated as the model uncertainty of 502 Equation (9), and it may be included in Equation (9) together with Equation (9), and a complete ‫ݍ‬ profile is reconstructed from BCS to generate a 509 ߶ ᇱ profile, leading to 5000 friction angle profiles. Then, the CI 90% ߶ ᇱ profiles with model 510 uncertainty was evaluated and shown in Figure 9c by two gray lines, together with those 511 without model uncertainty using the same symbols in Figure 9b all data points over the depth can be measured to provide the complete profile. 540
The statistical meaning of CI was firstly illustrated using random field data. When a 541 large number of complete sets of random field samples (RFSs) are used, the expected 542 coverage proportion (CP α ) for a confidence interval with a confidence level α (CI α ) is equal 543 to α. In addition, when only a limited number of data points from the RFS are measured, the 544 proposed BCS method can be used to reconstruct the best estimate and CI α profiles of the 545 complete set of RFS. It is shown that on average, the BCS CP α is close to α even if only 546 about 2% of the data points from the original and complete RFS are measured. As more data 547 points are available the statistical uncertainty is reduced and the variability in CP α also 548 reduces, but the average value is only slightly affected. In addition, the effect of the 549 correlation length (ߣ ) of the random field on the average CP α was also investigated. It is 550 D r a f t 26 shown that the proposed method is robust and performs satisfactorily for the typical range of 551 ߣ values for soil properties reported in the literature. 552
For geotechnical engineering applications, the complete set of data (i.e. a high-553 resolution measurement data profile over depth) is often not available, and the BCS method 554 can be used to not only provide the best estimate profiles from sparse measurement data, but 555 also offer various confidence interval profiles. To illustrate this, BCS was used to estimate an 556 effective friction angle profile from sparse CPT data points in a real case history. 557
Furthermore, the uncertainty in the transformation model that relates CPT data to effective 558 friction angle can also be considered in the proposed method. It is shown that the effective 559 friction angle CI profiles from the proposed method using sparse CPT data points are 560 consistent with those from triaxial tests. Hence the best estimate and CI profiles from the 561 proposed method may be used to facilitate an objective determination of geotechnical 562
property characteristic values from sparse measurement data. 563
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